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1. INTRODUCTION AND NOTATION

Let (£2,«,P) be a probability space and 0 <s < oo. Denote by
L (2, o7, P) the system of all equivalence classes of .»-measurable functions
X: Q- R with | X||, := [[ | X|* dP]¥* < co. For s > 1 the space L (2,5, P)
endowed with the norm || ||, is a uniformly convex Banach space.

Let & — .o/ be a o-lattice, i.e,, a system of sets which is closed under
countable unions and intersections and contains @& and 2. A function X:
2 - R is ¥-measurable if {X > a} € & for all a € R. Denote by L (¥) the
system of all equivalence classes in L (2, %,P) containing an &-
measurable function. Then L (%) is a closed convex set. Let
X€EL(, ,P); an element Y € L (&) is called a conditional s-mean of X
given the o-lattice &, if

For s > 1 the uniform convexity of L, guarantees existence and uniqueness
of a conditional s-mean of X given &, denoted by P<X.

The above minimization problem is very important, since it allows one to
treat approximation problems under order restrictions. For instance, let P be
a probability measure on the Borel-field B” of the n-dimensional Euclidean
space R". Let .# be the family of all functions ¥ € L (R", B", P) which are
monotone nondecreasing in each component. Define & := {CE€B": x€ C,
x < y= y € C}, where x < y means x, < y, for all components. Then & is a
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o-lattice and _# is the system of all &-measurable ¥ € L (R", B”, P). Hence
for each X € L (R", B", P) the conditional s-mean of X given & is the
unique function which is monotone nondecreasing in each component such
that the ||,-distance from X is minimal among all functions which are
monotone non-decreasing in each component.

For s = 2, approximation problems of this type are highly relevant to the
theory of isotonic regression. Illuminating examples and the broad theory of
isotonic regression can be found in the book of Barlow et al. [3]. Although
much work has been done for the case s = 2—the statistical inference under
order restrictions—little is known for the case s # 2.

The concept of conditional s-means given a o-lattice was introduced in
Brunk [8]. For s =2 it is the usual conditional expectation given a o-lattice,
defined on L, (see [5]). If & is a o-field one obtains the s-predictors in the
sense of Ando and Amemiya (see |1]), which coincide for s =2 with the
conditional expectations.

The theory developed here traces back to Kolmogoroff [13] and Wiener
[20], it is intimately related to Wald’s decision theory and plays an
important role in Non-linear Prediction, Filtering, Regression and Bayes
Estimation.

In a forthcoming paper we apply this theory to define and estimate a
“natural” median (i.e., a “reasonable” selection of a median). At first we
collect some properties of PY on L, and prove an integral inequality for the
conditional s-means (Theorem 2.11.) which is essential for the further
considerations (see Section 2).

In Section 3 we extend the operator P¥ from L, to L,_, as the unique
operator preserving the property of monotone continuity. An example shows
that even for & = {@, £2} a monotone continuous extension to larger spaces
L, (r <s—1) is not possible in nearly all cases.

In Section 4 we show that P¥»X converges P-a.e. to PY=X if X€ L,_, and
the o-lattices &, increase or decrease to the o-lattice &,,. This resuit contains
and extends other results in this direction. For s =2 and o-fields it is a
classical martingale theorem and yields a result of Brunk and Johansen [9],
for s # 2 and o-fields it extends a result of Ando and Amemiya [1].

In Section 5 we prove maximal inequalities, i.e., inequalities for
Pisup,.n |P¥X| > a} and [ sup,cn|PZ#X|"dP. Our inequalities applied to
s =2 and o-fields yield the classical maximal inequalities; applied to s # 2
and o-fields they lead to much sharper maximal inequalities than those of
Ando and Amemiya (see [1]). For o-lattices they seem to be the first results
in this direction.

In Section 6 we start with a characterization result for conditional s-means
with respect to o-fields (Theorem 6.1). This result, applied to s = 2, yields the
characterization results for classical conditional expectations of Bahadur (2],
Douglas [10], Moy |[15] and Pfanzagl [17]. Then we characterize



ISOTONIC APPROXIMATION IN L, 201

conditional s-means with respect to o-lattices (Theorem 6.4). For s # 2 this is
the first characterization result of conditional s-means given o-lattices. For
s=2 we prove a further characterization result (Theorem 6.3) which
contains Dykstra’s [11] characterization for conditional expectations given a
o-lattice.

2. PROPERTIES OF PY

LS

Let (£2, &, P) be a probability space. During this section let ¥ < ./ be a
fixed o-lattice and 1 < 5 < 00.

The conditional s-mean T = PY: L, — L, has, according to Brunk [8], the
following properties

T is idempotent; i.e., T(TX) = TX; (2.0)
T is positive homogeneous; i.e., T(aX) = aTX, a>0; (2.1)
T is translation invariant; i.e., T(X + b)) =TX + b, bER, (2.2)

and fulfills

J (X - TX\E=LTX dP =0; (2.3)
j (X—TXyP=1ZdP<0 if Z€L(¥) (2.4)

where a*=— =|al* " 'sign a for a € R.
Relation (2.4) aplied to Z = +1 and Z = —1 implies that

T is s-expectation invariant; i.e., j X —-TX)y=gP=0. (2.5)

Using that X*~1TX > (X — TX*='TX with > if TX #0, we obtain from
(2.3)

T is s-strictly monotonic at 0; i.e., (2.6)

fX‘——‘—‘TXdP>O for TX#0.

As T=P? is a nearest point projection onto a closed convex set of the
uniformly convex space L, it is well known that

T is continuous in the norm topology of L. 2.7)
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Brunk [8] has shown that a < X < b implies a < T7X < b. We show that

T is monotone. (2.8)

Let XY and define Z,=TXATY, Z,=TXVTY. Applying
Lemma 7.2(iii) pointwise to a=Y, b=TY, ¢c=X, d=TX we obtain by
integration

1Y =TY[+ 1 X = TXI2 Y = Z, [ + | X — Z, [

Since Z,, Z,EL/(¥) we obtain |Y—-TY|,=|Y—Z,||, and hence
Z,=TY;ie, TXTY.
From (2.7) and (2.8) we obtain that
T is monotone continuous; i.e., (2.9)
X, X (X, | X) implies TX, | TX (TX, | TX).

Let & :={C:C € &} be the dual o-lattice of &. Since L (¥)=—L(¥) it
follows directly from the definition of s-means that

PZX =—-PY(-X), X€EL, (2.10)

Now we prove an integration inequality which is an important tool in the
following sections. For s=2 this was proven in [3, p.342] by other
techniques. Denote by B the Borel-field of R.

THEOREM 2.11. Let ¢: R— [0, c0) be B-measurable and Z: 2 -~ R be
<-measurable. Then we have for all X€ L,

J (X — PYXy=1Zp o PYXdP <0

if the integral exists.

Proof. W.lo.g. we may assume that Z is bounded. By the usual
techniques it can be seen that it suffices to prove the assertion for non-
negative bounded functions ¢ with bounded derivative. Let such a ¢ be given
and M :=sup,.p |9’ ()] < .

(i) We prove the assertion for Z =1, with C€ &¥:
Let Y, :=PYX 4 (¢/M)g o PYX,0< a < 1. Then

Y, =y, P{X, M

where v, (1) ==t + (@/M) o(t), tER, 0<a < 1.
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Since y,: R = R is monotone increasing, we obtain from (1) that
Y, is &¥-measurable for all 0 a < 1. 2)
Define
Z,:=PiX+ (a/M)l.9o PIX, 0<a<Ll

Since ¢ > 0 we obtain with (2) forall bER, 0 a < 1
{Z,>bl={P{X>bIU(CN{Y,>b))EYL

and hence

Z, is ¥-measurable for all 0 Ca < 1. 3)
The function

gla) =lX—-2Z,[5, 0<a<!
attains its minimum at a =0, because Z,=P7YX and Z, € L,(¥) for all
a € [0, 1). Hence
0< g'(0)=—(s/M) [ (X~ PYX}=!1cp o PYX dP,

which implies the assertion for Z = 1.

(ii)) The assertion holds for all non-negative bounded & -measurable
functions by (i), since every non-negative %’-measurable function is the
monotone limit of non-negative &“-measurable simple functions.

(iii) Now let Z be ¥-measurable and bounded. Since Z=Z* —Z", it
suffices, according to (ii), to prove that

—j (X — PYXyE=1Z"9p o PX dP 0. 4)

The function w(¢) := o(—t), t € R, is a non-negative bounded B-measurable
function. Hence (4) is fulfilled if we show

| X = PEO=Zy(-PLX) dP <O (5)
Let ¥ ={C:C € ¥} be the dual lattice of &. Since Z~ is &-measurable

and —P¥X = P¥(—X) by Property 2.10, (ii) applied to the o-lattice & yields
(5).
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3. EXTENSION AND PROPERTIES OF PY/L

Up to now the operator PY is defined on the domain L,. For s =2 it is
known that Py can be extended from L, to L,. It is our aim to extend for
general s > 1 the conditional s-mean PY as a monotone continuous operator
from L to larger spaces L,, more exactly to choose r as small as possible.
For instance, can we always extend the conditional s-mean from L, as a
monotone continuous operator mapping L, into L, ?

It turns out that we can extend PY from L, to L,_, but, even in extremely
simple cases, not beyond L,_,. This shows, for instance, that for s > 2 we
cannot extend to L, but for 1 <s <2 we can extend even beyond L,. We

write PY/L in order to indicate that PZ is defined on L L _,.

DEeFINITION 3.1, (i) Let £,_, be the system of all X€ L,_ (2, %, P),
which are bounded from below by a function of L. For X € £,_, define

PYX = lim PZ(XA n).
ne

We remark that this limit exists since PY/L, is monotone and X A n,
n €N, is a nondecreasing sequence in L. It is easy to see (use Property
(2.9)) that P¥/2__, is a monotone extension of PZ/L,.

(i) For X€ L,_, define

PEX = lim PYXV (—n)).

We remark that this limit exists since P¥]€ _, is monotone and X V (—n),
n € N, is a non-increasing sequence in €, . Since it turns out that PY/€,_,
is monotone continuous (this is proven in Theorem 3.2), PY/L_, is an
extension of P¥/€,_, and hence of PZ/L.

THEOREM 3.2. Let ¥ </ be a o-lattice and 1 <s < co. Then the
operator PY/L,_, has the following properties:

(PO) P¢ mapsL, intoL,_,,

(P1) PY/L,_, is idempotent,

(P2) P¥/L,_, is montone,

(P3) PY/L,_, is positive homogeneous,
(P4) PY/L,_, is translation invariant,
(P5) PY/L,_, is monotone continuous,
(P6) PZ/L,_, is s-expectation invariant,
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(P7) [(X—P{Xy¥='Zpo PYXdPL0, f XEL, |, Z: Q>R is £-
measurable, ¢: R - [0, o0) is B-measurable and the integral exists,

(P8) [(X—P!Xy}=LpoP’XdP=0 if XEL,_,, 9: R->R is B-
measurable and the integral exists. .

Proof. We prove the properties above for PZ/Q _,, using the
corresponding properties of PY/L.. Using the then proven properties of
PY/Q,_,, one obtains in a similar way the stated properties of P¥/L_,.

(PO) Let X€ 2, ,.Then X,:=XAn€ L, As PY/L,is s-expectation
invariant (see Property 2.5) we obtain

As (X, — PPX YL < (X~P{X, L and XE L, |, PYX,EL,, (1) implies

O0KPIX—PX, ) 1) <w, nEN (2)

Since (X — PYX, =L | (X — P¥X =L, (2) implies
0K P{(X—PYXy1] <

and hence X — PYX€E€L,_,. As L,_, is a linear space and X € L,_,, conse-
quently PYX€L, ,. Since X>Y€L, implies PYX>P/Y, we get
PiXxeg .

Property (P1) follows directly from (2.0) and the definition of
P:;//QSAI N

Property (P2) follows from (2.8) and the definition of P{/€, .

Property (P7) W.l.o.g. we may assume that Z is bounded. By the usual
techniques it can be seen that if suffices to prove the assertion for non-

negative, continuous and bounded functions ¢. Let now X € £,_, and
X, =X An Then X, € L, and therefore Theorem 2.11 implies

j (X, — PYX )Y=1Zp o PYX,dP<0, neN.
As ¢ is continuous, ¢ o PYX,— ¢ o P/X by definition of PZX. Since
PYX € L,_, according to (P0), it is easy to see that
I(Xn—Pﬁan)S;lZ(pOPstnl’ nen,

is bounded by an integrable function. Hence the Theorem of Lebesgue
implies the assertion.
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Property (P6) follows directly from (P7).

Property (P5) W.lo.g. we prove only the decreasing case. Let
X,€L,_, with X, | X€2,_,. Then by (P6)

f(X,,-P{X,,)S—*—MP:O, neN. 3)

By (P2) we obtain PYX < PYX, < PYX,. Hence the Theorem of Lebesgue
implies by (3)

s—1

J (X— lim P{X,,) dP =0. @)
ne

As [(X—PYXy=1dP=0 and PYX<lim,. P?X,, (4) implies that
P{X =lim,, . PYX,,.

Properties (P3) and (P4) follow immediately from (PS), using the
corresponding properties of P¥|L (see Section 2).

Property (P8) follows from (P7) applied to ¢* and ¢~ with Z=1 and
Z=-1.

The preceding theorem shows that there exists a monotone continuous
extension of PY/L, which maps L_, into L,_,. The following remark shows
that, even for & = {@, 2}, such an extension is not possible for any larger
space L, (r<s—1).

Remark 3.3. Let (£2,57,P) be a probability space and 1 <s < o0.
Assume that L,=#L,_, for some O0<r<s—1. Let X>0 with
XeL,—L, , be given and choose & = {@, 2}. We shall show that each
monotone continuous extension of PY/L, to L, necessarily maps X to the
function =c0 € L,.

Let X, :=X An€ L,. Then X, T X. If there exists a monotone continuous
extension from P¥/L_ to L,, then ¢, = P¥X, T PYX = c. Assume that ¢ < 0.
Since P{/L, is s-expectation invariant we have

o:f (X, —c,,)s—’idP>f(X,, — cf=1dP > —0.

Since X, T X, this implies 0> [ (X —c)**!dP > —oo. Hence XEL, ,,
contradicting our assumption.

For each X € L,_, we give now a characterization of the conditional s-
mean PYX as the unique &-measurable function fulfilling two integral-
inequalities. For the case s = 2 this is known for X € L, (see [3]); it seems
to be unknown even for s=2 if X€L,.
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THEOREM 3.4. Let XE L,_, and ¢ be a strictly increasing function such
that ¢ o P¥X is bounded. Then Y =PZX ifand only if YEL,_,(¥), ¢ Yis
bounded and

(i) [ (X~ Y)y=LZdP <O for all bounded ¥-measurable Z,;
(i) [(X-Y)yr=LtpoYdP=0.
Proof. The direction “only if” follows from (P7) and (P8) of
Theorem 3.2. For the converse direction it suffices to prove that if Y,

Y, E L, (&) are two functions fulfilling (i) and (ii), then Y, =7,.
By (ii) we have

j(x— Y)tpoY,dP=0, j=1,2.

Since @oY;, j=1,2 are bounded ¥-measurable functions we obtain,
together with (i),

[ =xp= + X =¥ 0 ¥, ~p o V) dPLO.

Since ¢ is increasing, it is easy to see that

(Y, =Xy =+ (X =Y, )po Y —9o¥,) 20

Hence p o Y, =¢ o Y, P-a.e., whence Y, =7, P-a.e.

COROLLARY 3.5. Let XE€L, ,. Then Y=PYX if and only if
YEL, (&) and

(i) J.(X—Yyr=LtdP<O0 forall CEY;
(i) fiysq X~Yy=1dP=0 for all a € R.

Proof. The direction “only if” follows from (P7) and (P8) of
Theorem 3.2. For the converse direction we have to prove (i) and (ii) of
Theorem 3.4.

Since ¥(B) := [ (X — Y)*=1,0 Y dP, B € B, is a signed measure which is
zero on the system {[a, ), a € R} according to (ii), it is zero on B also.
This implies (ii) of Theorem 3.4 even for all measurable functions ¢, for
which the integral in (ii) exists. Since every non-negative bounded &-
measurable function is the monotone limit of non-negative %-measurable
simple functions, (i) implies, that condition (i) of Theorem 3.4 holds for all
non-negative, bounded, ¥’-measurable functions Z. Let Z be a bounded ¥
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measurable function. Then Z + a is a non-negative bounded ¥-measurable
function for suitable a and hence

f(X— Y¥=Y(Z +a)dP<0.

Consequently we obtain (i) of Theorem 3.4.

Now we give some further properties of the extended PY. Since
L(¥)=—L(¥), we obtain from Property (P7) of Theorem 3.2 with
Z=—l1,thatfor X€L,_,

P9 Joo X—P/XP=1dP>0 if DE ¥, CE (PYX)'B, where B
denotes the Borel-field of R.
Using the monotone continuity of PY/L_,, Property 2.10 implies

(P10) PZX=-PY(—X), XEL, ,.
Since X € L,_, and Y = PZX fulfill (i) and (ii) of Corollary 3.5, we obtain

for each a1 that X, =X —aP?X and the ¥-measurable function Y, =
(1 — a) PZX fulfill (i) and (ii), too. Hence Corollary 3.5 implies:

(P11) P/(X—aP!X)=(1-a)P?X, a1, X€EL, ,.
Since P¥ is monotone we have P¥(—|X|) < PYX < PY|X]. Hence (P10)
implies
(P12) |PYX|<max(P{|X|,P{|X]), X€EL,.,.
We remark that for g-lattices it is not true that |PYX | P¥|X|; this can

be seen by simple examples even in the case s = 2. Using (P2) and (P8) it is
easy to see that for each interval < R

(P13) X €1 P-ae. implies PYX € I P-a.e.
Now we prove a convexity inequality for conditional s-means.

(P14) Let /<R be an interval and ¢: /- R be a non-decreasing
continuous and convex function. If X, g o X &€ L _, and X € I P-a.e. then

po PYX < P{(p o X).

Progf. Since ¢ is continuous and convex there exist a,, b,ER, n € N,
such that

¢(x)=sup (@a,x+b,) forall x€L
nenN
Since ¢ is non-decreasing, w.l.o.g. a, > 0. From (P2), (P3), (P4) and (P13)
we obtain

P¥(p o X)> sup a,PYX +b,=¢o0 P’X. Q.E.D.
neN
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Finally we prove for each r > s — 1
(P15) X€L,=>P/X€EL,.

According to (P12), we may w.lo.g. assume that X >0. Since
xX"s-YeL _,, (P0) implies PZ(X7"“"VYEL,_,. As, by (Pl4)
(PYX)"~D L PY(X7S"VYE L,_,, we obtain PYXEL,.

4, CONVERGENCE A.E. OF P%X

In this section we give a general a.e. convergence theorem for conditional
s-means P77X for all X € L,_,. For the case s =2, it is a result of [9]. For
the special case of o-fields and for X € L this was proven in [1]. The
techniques used here, are related to the methods of Sparre et al. [18] and
Brunk and Johansen [9].

If ¥ cs/, nENU {0}, are o-lattices, £, n € N, increases [decreases |
to &, if 4, c¥,, |4 2%, and &, is the o-lattice generated by
UnEN %f[gw = ﬂneﬂ\l%]'

THEOREM 4.1. Let (2, %/, P) be a probability space and 1 < s < c©. Let
& s, nEN, be o-lattices increasing or decreasing to the o-lattice £, .
Then

P{X - P5oY, P-ae.,

forall X€ L, (2,5, P).

Proof. We prove only the decreasing case, which is somewhat more
complicated. The proof for the increasing case runs similarly.

Let X,=P%X, n€N:=NU {w}. Let &, := {C:C € &,}. According to
properties (P7) and (P9) of Section 3, we have

J (X—ap=ldPL0 if a€R,C, €%, neN, (1)
(Xp<a)NCh

and
j (X—Br=LdP>0 if BER,D,€Z,neN. ()
(Xy>B1NDy

Define X = lim, ., X, and X = lim, ., X,,; then X, X are & -measurable. Let
CE Y, and aER be fixed and choose a sequence &, | 0. Define for
mgngr

Cr,=CN{X,<a+e,, X, 2a+¢€,,. X, >2a+¢,}
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According to (1), we have

J X-@ +€,))tdPLO0. (3)

n,r

Since },_,Cr,=CN{inf,  X,<a+e,}=C and C"T,  C":=
CnN{inf;,, X; <a +¢,} we obtain, from (3),

j (X —(@a+e,)=tdP<0, meN. (4)

Since 1cm—2pmen lon x<ap» (4) implies, using the Theorem of Lebesgue

f (X —ay='dP<0, if a€R,CEY,. (5)
iX<ainC

In the same way we obtain

f (X —by=1dP>0, if bERDEZ,. (6)
(X2b1ND

Now we show, using the relations (1), (2), (5), (6) that

X, <X, X<X,  Pae

This directly implies the assertion. We prove only X < X P-a.e. The proof
for X < X, runs similarly.

To prove X, < X P-ae., it suffices to show that for all a, b € R with
a < b the set

E={X<a<b< X}

has P-measure zero. Relation (2) applied ton=o0 and D, ={Xa} €L,
yields

j (X — by=LdP > 0. (7)

Relation (5), applied to C={X_ > b} € &, yields
j (X —ay=LdP <0. (8)
E

Since (X —a)**L > (X — b)y*~L on E, (7) and (8) imply P(E)=0.
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5. MAXIMAL INEQUALITIES AND NORM CONVERGENCE OF Pf"'X

In this section we prove two maximal inequalities and give an application
to norm convergence.

THEOREM 5.1. Let (£, 57, P) be a probability space and 1 <s < «. Let
Lo, n€N, be an increasing or decreasing sequence of o-lattices. For
non-negative X € L _, we have
Is—2|

<——S—T Xs_ldp, a>0.
a

(SUDnerNP??'X>a]

P

sup PX > a
neN

Proof. Let X, = P?"X, n € N. It suffices to prove for each n € N that

2IS—2|

P {max X;>a

1<ign

S—= Xs'dp, a>0. (1)

{max ¢ignXi>a)

As for decreasing sequences &, , n € N, the finite sequence &, &, _ .., & I8
increasing; it suffices to prove (1) for the increasing case.
At first we show that

(X—a)=tdP>0, a>0. @)

j(mz\’(|<i<n/\’¢>a)

Let 4,={X,<a,..X;_,<a, X;>a}, i=1,.,n Since 4,={X; >a}ND,,
where D; € &, we obtain from Property (P9) of Section 3

f (X-afidp;j X —-X)yp=tdP>0.
Aj A;

As 7., A4,= {max,.; ., X;> a}, this implies (2). Applying Lemma 7.2(i)
and (ii) pointwise to x = X(w) for all w € {max, ., , X; > a}, we obtain by
integration, using (2), inequality (1)

COROLLARY 5.2. Let (2,.%,P) be a probability space, 1 <s < co and
F>s5~— 1. Let &, c s, n €N, be an increasing or decreasing sequence of o-
lattices. Then we have for X € L, that

J sup |P4X|"dP< 6 - u, j | X|" dP,
nelN

where u, ;= (257 [r/(r—s+ D))"V and § = 1 if all &, are o-fields or if
X is non-negative and & = 2 elsewhere.
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Proof. First we prove the assertion for X > 0. We use the following well
known lemma [12, p. 231]:
If & n: 2 - [0, 0] are &/ -measurable with

Pin > e} < (1/e) &dp forall >0, *)
(n>el
then P[n*] < [a/(a —1)]* P[¢*] for all @ > 1. Let n:= (sup,e, PS7X)° ",
E=25"2)x5"1 ¢=g*"' and a=r/(s—1)>1. Then (*) is fulfilled
according to Theorem 5.1. Hence the lemma cited above implies the
assertion for X > 0. Hence the assertion is true for o-fields and arbitrary
X € L,, using |PX| < P | X
For o-lattices and arbitrary X € L, the assertion follows, because,
according to (P12) of Section 3,
sup [PYX|" < sup (P | X|)" + sup (P;"| X[y
neN nelN nenN
We remark that for the case s =2 and o-fields we obtain in Theorem 5.1
and Corollary 5.2 exactly the classical maximal inequalities with the same
bounding constants. For o¢-fields &, and X € L, Ando and Amemiya [1]
proved that

P [sug |P:’*X15]<asPnX|51.
ne

The constants a, given by Ando and Amemiya are much larger than our
constants u, ; specialized to the case r =5s. For s =2 we have u; ;=4 and
a, =208 and for s > 2 there holds

2, <a,.

Observe that 1 u, = (2""?5)Y“ V> o0 with s— 0. For o-lattices the
preceding results of this section seem to be the first in this direction.

COROLLARY 5.3. Let (2,5, P) be a probability space, 1 <s < oo and
r>s—1 Let & o/, n€N, be a sequence of o-lattices increasing or
decreasing to the a-lattice . Then for each X € L, we have

|PX = PEX], ——0.

Proof. According to Theorem 4.1 and Corollary 5.2 the assertion foliows
for r>s5—1 by the Theorem of Lebesgue. For r=s—1 it suffices,
according to Theorem 4.1, to prove that |[P7X|*~', n €N, is uniformly
integrable. Since |P4X[*~!' < (P | X|)* "' 4+ (P |X[)*~" and the sum of two
uniformly integrable sequences is uniformly integrable (use e.g. [4,
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Korollar 20.3, p. 90]), we may w.l.o.g. assume that X > 0. Let X, = P“ X,
n€N. We obtain from Lemma 7.2(i) and (ii), applied pointwise for
wE{X,>a} to a=X,(w), x=X(w)-since [y .o X—X,)1dP=0
according to (P8) of Section 3—that

J

(Xp>a)

Xf,"dP<2's'2'J' X 'dP,  a>0. (+)

[(Xp>a)

Since sup,epn P{X, > al—>,.,0 by Theorem 4.1, we consequently obtain
from ( + ) that X3~', n €N, is uniformly integrable.

6. CHARACTERIZATIONS OF P{’

In this section we characterize the operators P for o-fields and o-lattices.
We start with a characterization result for o-fields and arbitrary s > 1. For
s =2 this leads to a characterization for classical conditional expectation
operators which is a common generalization of the results of Bahadur [2],
Douglas {10}, Moy {15] and Pfanzagl [17].

THEOREM 6.1. Let 1 <s<owands—1r< . Let T: L (2, &,P)—
L (R, s/, P) be an operator which is
(i) homogeneous,
(ii) translation invariant,
(iii) idempotent,
(iv) monotone,
(v) s-expectation invariant.

Then there exists a sub-ofield %</ such that TX =PZX for all
X€EL,.

Proof. Let ¥ :={A€ % T1,=1,}. Since T is homogeneous and tran-
slation invariant, 4 € o/ implies T13;=1—-T71,=1—1,=15. Hence .Z is
a o-field according to Lemma 7.3(ii). Since 7, P?: L,— L, are monotone
continuous operators according to Lemma 7.3(1)) and Property (P5) of
Theorem 3.2 it suffices to show that

TX=P?’X  for bounded X.

We remark that according to (i), (ii) and (iv) TX is bounded if X is bounded.
Applying (iv) of Lemma 7.3 to Z and —Z we obtain

f X ~TXP=1ZdP=0 for ZEL_(P)

640/31/3-2
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Hence we can apply Theorem 3.4 with Y = TX and the strictly increasing
function ¢(f) = ¢, t € R. This yields TX = PZ X for bounded X.

Easy examples show that none of the five conditions in Theorem 6.1 can
be omitted without compensation. Another characterization result for
conditional s-means given a o-field can be found in [14].

In the case s=2 s-expectation invariance of an operator 7 means
[ TX dP = [ X dP. Hence for s = 2 monotony and s-expectation-invariance of
T trivially imply that T is weak | ||,-reducing; i.e.,

ITX - TY|, XY, if XY

Furthermore each linear operator with || 7X]|, < ||X], is trivially weak || {,-
reducing. Therefore the following corollary contains the characterization
results for conditional expectation operators given in |2}, [10], [15] and.
[17].

COROLLARY 6.2. Let 1<rg o and T: L, (2,5 ,P)— L, ,P) be
an operator which is
(i) homogeneous,
(ii) ¢ranslation invariant,
(iil) idempotent,
(iv) weak || ||,-reducing.

Then there exists a sub-o-field 4 c s/ such that TX =P;X for all
XelL,.

Proof. According to Lemma7.4 T is monotone and 2-expectation
invariant. Hence Theorem 6.1, applied to s = 2, implies the assertion.

The only characterization result, known to the authors, conceming o-
lattices is the result of Dykstra {11] for the case s =2. He shows that an
operator T: L,(2, &7, P) = L,(£2, &/, P) which is

(i) positive homogeneous,
(ii) ||l reducing; ie., [|TX — TY|, <|X — Y1,
(iii) idempotent,
(iv) monotone,
(v) 2-expectation invariant; i.e., | TX dP = { X dP,
(vi) 2-strictly monotonic at 0; ie., [ XTXdP > 0 if TX#0

is the conditional expectation operator Py with respect to a suitable o-lattice
Yo

We remark that Dykstra requires instead of (vi) a slightly stronger
condition, but he uses in his proof only condition (vi) [3, p. 322]. Dykstra
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furthermore gives an example showing that conditions (i}-(v) above are not
sufficient for his characterization result |3, p. 326].

In the characterization results for conditional expectation operators given
a o-field, only one integration condition besides algebraic conditions is used.
This is an advantage since the authors believe that algebraic conditions are
nicer and easier to verify than integration conditions. Dykstra’s charac-
terization resuit for a conditional expectation operator, given a g-lattice, uses
three integration conditions. The “strongest” of his integration conditions is
the property (ii), namely, |||,-reducing. In the following theorem we show
that | |l,-reducing can be replaced by the algebraic condition translation-
invariance. Furthermore monotony and 2-expectation invariance is weakened
to weak | ||,-reducing. Since ||||,-reducing and | ||,-expectation invariance
imply translation invariance (see [3], Proposition 7.2, 2° p.324), the
theorem below contains the result of Dykstra.

THEOREM 6.3. Let 1<row and T: L,(R,%,P)->L(Q2 ,P)—
L (2, 57, P) be an operator which is
(1) positive homogeneous,
(ii) translation invariant,
(iil) idempotent,
(iv) weak || ||,-reducing,
(v) 2-strictly monotonic at O for X€ L.

Then there exists a o-lattice ¥ < =/ such that TX =P{ X forall X€ L,.

Proof. Since according to (iv) T is | |,-continuous for monotone
sequences, it suffices to prove TX=P7X for X€L_. According to
Lemma 7.4 the operator is 2-expectation invariant and monotone and hence
according to Lemma 7.3 there exists a o-lattice ¥ < & such that

J(X—TX)ZdPgO for XEL_(¥), ZEL_(¥). (1)

According to Theorem 3.4, applied to s=2, X:=X—TX, Y=0 and
o(t)=t, (1) implies that

P{(X — T(X))=0. (2)
Furthermore we have
T(X —P{X)=0 (3)

because T(X —P; X)EL (&) implies [ (X —P7X)T(X—-P{X)dP<0
and (v) implies [ (X — PYX) T(X — PYX)dP > 0if T(X — P{X) #0.
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Now we shall show that
17X, =Py Xl,,  XEL,. )

According to Lemma 7.4, the operator T is || ||,-reducing. Using (2), (3) and
the fact that P{ is || ||,-reducing, too, we obtain:

1PY XN =1 X = (X ~ PY X0, > TX — T(X — PYX)|, =1 TXY),
and

ITX], = 11X — (X = TX)|, > | PY X — P (X = TX)|,, = || P{ X]|;.
Hence (4) follows. Now (4) and translation invariance of T and P; imply
|PfX—~a|,=|TX ~a|, for XEL,, a€R; ie, flx‘—-alPl(dx)=
[|x —a| Py(dx) for a € R, where P, is the distribution of PYX and P, the
distribution of TX. Hence according to Lemma 7.5, P, = P, and therefore

especially
f (TX)?dP = j (P X)*dP. (5)

Now we obtain by (5) and (1), that

I TX - PYX |2 =2 f (PYX) dP —2 [ TXPYX dp
=2 UXPfXdP—f TXPé’XdP]
= 2j (X-TX)P¥XdP<O

and hence TX = P{ X.

Dykstra’s example cited in [3, p.326] (2={1,2}, P{l}=P{2} =3,
TX =X if X(1)<X(2) and TX(1)=X(2), TX(2)=X(1) if X(1)> X(2)),
shows that conditions (i)~(iv) of Theorem 6.3 are not sufficient to charac-
terize conditional expectations operators given a o-lattice. Now we give a
characterization result for conditional s-means, given a o-lattice. This is the
first characterization of the operator P¥ for s # 2 and o-lattices <.

THEOREM 6.4. Let 1<s<ooands—1<rg . Let T: L(Q2,5,P)>
L.(Q, s/, P) be an operator which is
(i) positive homogeneous,
(ii) transiation invariant,
(iii) idempotent,
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(iv) monotone,
(v) s-expectation invariant,

(vi) weak s-monotonic at 0; ie., [ XS'TXdP >0 for X€ L, with
TX > 0 and fulfills:

(viil) T(X —3TX)=3TX.
Then there exists a o-lattice ¥ — s/ such that TX = PZX forall XE L,.

Proof. According to Lemma 7.3(ii), (iii) we have that & = {4 € &«
Tl,=1,} is a o-lattice and TX € L,(¥) as T is idempotent. Since 7, P¥"
L,— L, are monotone continuous operators, it suffices to show that

TX=PYX  for bounded X.

For this, it suffices to prove condition (i) and (ii) of Theorem 3.4 applied to
the bounded function Y= TX. Condition (i) of Theorem 3.4 is fulfilled
according to Lemma 7.3(iv). Since TX is bounded and <-measurable,
Condition (ii) of Theorem 3.4 is fuifilled with ¢(¢) = ¢ if we show that

f(X—TX}*‘—‘TXdP; 0. *)

Define inductively y, =4 and y,,, = (1 + 7,)/2. We prove by induction
TX =y, TX)= (1 —7,)TX. (**)

For n=1 this is our Assumption (vii). Assume now that (**) holds for n.
Then

TX — 41 TX) = T(X — y,TX —;T(X — y,TX))
=3TX -7, TX)=31—y)TX=(1~7y,, ) TX.

Hence (**) holds for (n+1). Let X>0, then T(X—1y,TX)=
(1 —7,)TX > 0. Hence, according to (vi) and (**),

0 <f (X —y, TX:='T(X —y, TX)dP

=(1 —yn)-j(x—ynTX)uTXdP;

ie.,

j (X —y, TXE=LTX dP > 0.
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As y,— 1, we obtain (*) for bounded X > 0. As T is translation invariant we
obtain (*) for all bounded X.

We remark that conditions (i)-(vi) are even in the case s = 2 not sufficient
to characterize s-means. This can be seen from the just cited example of
Dykstra.

7. AUXILIARY LEMMATA

At first we prove a lemma characterizing a system of functions as a
system of % -measurable functions where & is a suitable g-lattice. This
lemma plays on analogous role for o-lattices as Lemma 3 in [17] for o-fields.

LEMMA 7.1. Let 0<r<g oo and @+ Fc L, (2, ,P). Assume that F
Sulfills the following conditions:

i) aX+BEFforXcF,a>0,ER,
(ii) XAY,XVYEF for X,YEF,
(i) X,EF,X€L,and X,1 X or X, | X imply X € F.

Let ¥ ={A€: 1,€F}. Then & is a c-lattice and F = L (¥£).

Proof. Since l¢ ~¢,=1¢ AN l¢,, 1o, e, = ¢, V 1¢, and

lﬂzzkckl lﬂilck’ lezlckT lu;’ilck’

(ii), (iii) directly imply that & is a o-lattice. Now we show F < L (¥). Let
X € F be given then for each f€ R

Y, :=[nX-B)VOIAIL]T Liwexwr>p
As (i), (ii) imply Y, € F we obtain from (iii) that {w: X(w) > B} € &; ie.,
XEL(L).
Finally we have to show L. (¥)cF. Let X € L (¥). By (i) and (iii) we
may w.l.o.g. assume that X > 0. Since X € L (&) we have
{w: X(w)>a} € & and hence 1;,.x(w15a) € F.

By (i) and (ii) this implies

X, :=sup . l{w:X(w)>2—u"}: v=0, L,...,n2"} €EF.

v
2"

As X, T X, hence X € F by (iii).
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LEMMA 7.2. Let 1 <s < oo. Then there hold the following inequalities
between real numbers:
(i) & '+ M x—aPp=2 L2 =L ifa>0,5>2,
(i) & '+ x—af2<2 " ifa,x>0,1<s<2,
(iii) la—bVd+|lc—bAd<|la=bl’+|c—d|'ifa>c.

Proof. Dividing (i) by @* " it suffices to prove
@) =142z - 1)L 27 =g(z), zER. (*)

Since f(1)< g(1) and f"(z) < g'(z) for z > 1, (*) is true for z > 1, s > 2.
This directly implies that (*) is also true for 2z 0. If 0 <z <1 use
differential calculus to show that A(z) = g(z) — f(z) attains its minimum at
z,=1%and h(3)=0.

Inequality (ii) follows in the same manner.

Inequality (iii) follows using similar techniques.

LEMMA 7.3. Let 1<s< o and s—1<rg . Let T: L,(2,%,P)-
L (2,7, P) be a positive homogeneous, translation invariant, monotone and
s-expectation invariant operator. Then

(i) T is monotone continuous,
(i) X={Ae:Tl,=1,}is a o-lattice,
(iii) L(&L)={X€EL, TX=X},
(iv) [(X—TXP=ZdPO0forall ZEL (¥), XEL,.
Proof. (i) We show only that X, ] X implies 7X, T TX if X,, XEL,.
The decreasing case runs similarly. Since T is monotone the pointwise limit

Y:=lim,  TX, exists and fulfills ¥ TX. As T is s-expectation invariant
we obtain

j X, —~TX,f=dP=0

and hence by the Theorem of Lebesgue

J(X—Y}“—'dP:O.

Together with ¥ < TX and | (X — TX)*=1dP =0 this implies
Y=7X.
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For (ii), (iii), let F:={X€L,: TX=X}. Since T is positive
homogeneous and translation invariant, condition (i) of Lemma 7.1 is
fulfilled. To prove condition (ii) of Lemma 7.1 let X, Y € F be given. We
show XV YEF, the proof for XAYEF runs similarly. Since T is
monotone we have

TXVY)>TXVTY=XVY.
As T is s-expectation invariant we have

o:f(Xv Y—TXV V)= dP,

whence T(XVY)=XV Y;ie, XVYEF.

Condition (iii) of Lemma 7.1 follows from the monotone continuity of 7.
Hence Lemma 7.1 implies (ii), (iii).

Now we prove (iv) if 0< X1 and Z=1, for C€Z. Since T is
monotone we have

T(X1.)< TX],.

As T is s-expectation invariant we obtain

0= j (X1 — T(X1)E=L dP
> [ (X1c~ (@X) 1= aP

= j 1(X — TX)=L dP.

As T is positive homogeneous and translation invariant we obtain (iv) for all
bounded X and Z=1,, C € &. As T is continuous on monotone sequences
we obtain (iv) for all X € L («) and Z = 1. with C € &. Since every non-
negative <-measurable function is monotone limit of ¥-measurable simple
functions and since T is s-expectation invariant we obtain (iv).

LEMMA 74. Let 1<r< o and T: L(Q,%,P)> L (R, ,P) be a
weak || ||,-reducing, translation invariant operator with T(0)=0. Then T is
(i) monotone,
(if) 2-expectation invariant,
(iii) |lll,-reducing; i.e., | TX — TY||, <[|X — Y1},
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Proof. At first we show that T is 2-expectation invariant. Since 70 =0
we obtain that

ITx|, <lXjl, if X>0 or X<0. (1

Now let X € L,(«) with 0 < X ¢ Since ¢ |TX|+ |c— TX| we obtain
using (1) and translation invariance that

e < [ITX[ + e~ TX| P = TX1, + [ T(X — c)], o
<IXI, +lle =X, =e.

Hence the two inequalities in (2) are equalities. The first of them implies
¢=|TX|+|c—TX| and hence 0 TX <c, therefore the second implies
JTX dP = | TX|, =||X||, = ] X dP.

Since T is translation invariant, 2-expectation invariance holds for all
bounded X. Since T is weakly | ||,-reducing we obtain that

N TX, - TX||,»0 if X,TXorX,|X (3)

Let X € L (%) be bounded from below. Then there exist bounded functions
X, with X, T X. Since [ X, dP = [ TX, dP, we obtain from (3)

“XdP—JTXdP": lim

jX,,dP—JTXdPl

= lim
neN

JTX,,dP~JTXdP}
< lim | X, - TX],, = 0.

Hence | X dP = | TX dP for all X € L (s/) which are bounded from below.
Since each integrable function is a decreasing limit of integrable functions
which are bounded from below, we obtain in a similar manner that
| TX dP = | X dP for all X € L (), i.e., (ii).

Now we prove that T is monotone. Let X, Y € L (&) with X Y. Since T
is 2-expectation invariant and weak | ||,-reducing we obtain

J(Y~X)dP=J(TY—TX)dP<(f|TY~ TX|dP=|TY — TX|,

<||Y—X||l=j(Y—X)dP.
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Hence we have equality, whence TY —TX =|TY — TX|; ie, TXTY.
Since T is monotone and weak || ||,-reducing, T is || ||,-reducing:

ITX = TY], <ITXV ¥) = TE AV, <XV Y =X A Y], =X Y],
LEMMA 7.5. Let P,, P, be two p-measures on the Borel-field of R. If
[ 1x = a| Py(dx) = [ |x — a] Py(dx)

foralla€ R, then P, =P,.

Progf. 1t suffices to prove P,(—c0, y] = P,(—o0, y] for all y € R. For all
€ > 0 we have by assumption

[Qx=yl=lx = (r+e) Pi(dx) = [(x = | =[x — (3 + &)]) Pafax);

ie.,

e[—Pl(—oo;y1+P1[y+e,oo>1+j( (1x = y] = |x — (¥ +&)) P(dx)
Y, y+e)

=e[~Py(~a0, | +Pa[y+600)+ | (x—yl=|x—(y+e)) Paldx)
(y,y+e€)

Divide by ¢ > 0 and let € - 0. Then we obtain
—P,(=09, y] + Py(y, 0) = —Py(—00, y] + Px(y, @)
and hence
~2P (00, y] — 1 ==2P,(—c0, y] — 1;

i.e., our assertion.

REFERENCES

1. T. ANDO AND I. AMEMIYA, Almost everywhere convergence of prediction sequence in L,
(1 < p < ), Z. Wahrsch. Verw. Gebiete 4 (1965), 113-120.

2. R. R. BAHADUR, Measurable subspaces and subalgebras, Proc. Amer. Math. Soc. 6
(1955), 565-570.

3. R. E. BARLOW, D. J. BARTHOLOMEW, J, M. BREMNER, aAND H. D. BRUNK, “Statistical
Inference Under Order Restrictions,” Wiley, New York, 1972,

4. H. BAUER, “Wahrscheinlichkeitstheorie und Grundziige der MaBtheorie,” de Gruyter,
Berlin, 1968.



5.

6.

16.
17.

18.

19.
20.

ISOTONIC APPROXIMATION IN L 223

H. D. BRUNK, Best fit to a random variable by a random variable measurable with
respect to a o-lattice, Pacific J. Math. 11 (1961), 785-802.

H. D. BRUNK, On an extension of the concept conditional expectation, Proc. Amer. Math.
Soc. 14 (1963), 298-304.

. H. D. Brunk, Conditional expectation given a o-lattice and applications, Ann. Math.

Statist. 36 (1965), 1339-1350.

. H. D. BRuNK, Uniform inequalities for conditional p-means given o-lattices, Ann.

Probability 3 (1975), 1025-1030.

. H. D. BRUNK AND S. JOHANSEN, A generalized Radon-Nikodym derivative, Pacific J.

Math. 34 (1970), 585-617.

. R. G. DoucLas, Contractive projections on an L -space, Pacific J. Math. 15 (1965),

443-462.

. R. L. DYKsTRA, A characterization of a conditional expectation with respect to a o-

lattice, Ann. Math. Statist. 41 (1970), 698-701.

. P. GANSSLER AND W. STUTE, “Wahrscheinlichkeitstheorie,” Springer-Verlag, New York,

1977.

. A. N. KoLMOoGORoOv, Stationary sequences in Hilbert spaces, Bull. Math. Univ. Moscow

2, No. 6 (1941). [In Russian].

. D. LANDERS AND L. RoGGE, Characterization of p-predictors, Proc. Amer. Math. Soc. 16

(1979), 307-309.

. S. C. Moy, Characterizations of conditional expectation as transformation on function

spaces, Pacific J. Math. 4 (1954), 47-63.

J. NEVEU, “Discrete Parameter Martingales,” North-Holland, Amsterdam, 1975.

J. PFANZAGL, Characterization of conditional expectations, Ann. Math. Statist. 38
(1967), 415-421.

E. SPARRE ANDERSEN AND B. JESSEN, Some limit theorems on set functions, Math. Fys.
Meddr. 25, No. 5 (1948).

A. WaLD, “Statistical Decision Functions,” Wiley, New York, 1950.

N. WIENER, “Extrapolation, Interpolation and Smoothing of Time Series,” Wiley, New
York, 1941,



